Preprint typeset in JHEP style - HYPER VERSION 



First-order attractor flow equations for 
supersymmetric black rings in N=2, D=5 supergravity 



Yi-Xin Chen and Yong-Qiang Wang 

Zhejiang Institute of Modern Physics, Zhejiang University 
Hangzhou 310027, P. R. China 



E-mail: yxchen@zimp.zju.edu.cn, wangyongqiangyueyuanOgmail . con 



Abstract: In this paper we investigate the attractor mechanism in the five dimensional 
low energy supergravity theory corresponding to M-theory compactified on a Calabi-Yau 
threefold CY^. Using very special geometry, we derive the general first-order attractor flow 
equations for BPS and non-BPS solutions in five-dimensional Gibbons-Hawking spaces. 
Especially, considering the supersymmetric solution, we obtain the first-order flow equa- 
tions for supersymmetric (multi)black rings. We also solve the flow equations and discuss 
some properties of the solutions of flow equations. 
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1. Introduction 

The attractor mechanism in extremal black holes has been an interesting subject over the 
past few years, which states that the values of the moduli scalar fields at the horizon of 
the extremal black holes are independent of the asymptotic values for the moduli fields 
and are entirely determined by the quantized charges of the black holes. It was initiated 
in the context of = 2 supergravity theories in four dimensions [1], then extended to 
other supergravity theories and superstring theories, such as supersymmetric black holes 
with higher derivative corrections , multi-center black holes and spherically symmetric or 
rotating black holes in higher dimensions [2]. More recently, more attention has been paid 
to non-supersymmetric cases [3,4]. 

In this mechanism, there exists a set of first-order differential equations, known as 
"attractor flow equations" , which describe the evolution of the spacetime metric and the 
moduli fields in the background of extremal black holes. In the literature, there are two 
methods to obtain these equations: one can follow the method in [1] , imposing the preser- 
vation of supersymmetry, the gravitino and gaugino variations vanish and lead to a set of 
first-order flow equations about the metric and moduli fields . Another alternative method 
is advised by Ferrara etal. in [3], which is that one can consider the attractor flow behavior 
as a result of an extremization of the effective Lagrangian, rather than a supersymmetric 
flow. 

As is well known, the horizon topology of black holes in five dimensional spacetime 
is not unique. The discovery of a new BH phase made by Emparan and Reall [5] : an 
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asymptotically flat, rotating black hole solution with horizon topology x 5^ and carrying 
angular momentum along the S^, is called as black ring. Several important developments 
are listed in [6-8]. For reviews, see [9]. 

It is interesting to understand the attractor mechanism in the context of black ring. 
This mechanism has been addressed by Kraus and Larsen in [10]. In particular, by examin- 
ing the the BPS equations for black rings , they found the flow equations for supersymmetric 
extremal black rings, an equation relating the flow of the moduli to changes in the gauge 
field. The attractor mechanism for the black rings determines the scalar values at the 
near-horizon region via the magnetic dipole charges only. But, the flow equation in [10] 
is a second-order differential equation. It is obvious to mention that do the first-order 
differential flow equations analogous to the equations in [1,4] can exit and, if so, how? 

This is the aim of this article to further study the attractor mechanism in five di- 
mensional black rings. Recently, based on very special geometry, Cardoso etal. in [11] 
proposed an effective method for deriving first-order flow equations for rotating electrically 
charger extremal black holes in flve dimensions. Inspired by [11], we construct the gen- 
eral first-order attractor flow equations for BPS and non-BPS solutions in flve dimensional 
Gibbons-Hawking spaces by making use of the stationarity of actions. Especially, con- 
sidering the configuration of supersymmetric solution, we obtain the first-order attractor 
equations for supersymmetric (multi)black rings, which take the form analogous to that 
of a gradient fiow of black holes in five dimensions [11, 12]. Because we do not analyze 
the attractor flow equations following the method in [10], we are still uncertain whether 
the second-order equation in [10] can be reduced to a set of flrst-order flow equations. 
However, when we consider the condition of supersymmetric solutions, the first-order flow 
equations which we obtain in five dimensional Gibbons-Hawking spaces can reproduction 
a second-order equation the flow equation derived in [9]. By integrating the flrst-order 
flow equations, we also flnd the relation between the flow equations and electronic central 
charge corresponding to the graviphoton. 

This paper is organized as follows. In the next section, we briefly review the supersym- 
metric solutions of = 2 supergravity and specialized to the case of (multi)black rings in 
the Gibbons-Hawking spaces. Using very special geometry and the condition of stationary 
of action, the generalized first-order attractor flow equations are carried out in section ^. In 
section ^ we present some properties of flow equations for supersymmetric black rings and 
the example of the limit of black rings is given. The last section is devoted to discussions. 



2. A brief review of supersymmetric solutions of = 2 supergravity 

In this section we first present a brief review of the five dimensional low energy supergravity 
theory corresponding to M-theory compactified on a Calabi-Yau threefold CY^. This model 
is usually studied in the context of real or very special geometry. Relevant references can 
be found in [13-16]. We also introduce the general supersymmetric solutions in Gibbons- 
Hawking base space. Further details, see [7]. 
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2.1 N = 2 supergravity 

The bosonic part N = 2 D = b ungauged supergravity coupled to n — 1 abelian vector 
multiplets with scalars i?i>*, i = 1, n — 1, is 

S = — 3— / iR*l-GijF^ ^ *F-^ - GijdX^ A *dX-^ 
levrGs J 

-^CijkF' AF-^ AA^"), (2.1) 

where the scalars = X\(ff ), I,J,K= 1, n, obey the constraint : ^CjjkX^ X'^ X^ = 
1 and the constants Cjjk are symmetric on UK. It is useful to define 

Xi = -CijkX'^ X^ , (2.2) 

D 

Gij = -XjXj - -CijkX^ . (2.3) 
From the definitions, it follows that 

X'Xi = l, Xa = \gabX^, X^ = ^G^^Xb, (2.4) 

and so 

X^diXi = diX^Xi = . (2.5) 



By the definition ( |2.3[ ) one can find 

diXi = -^GijdiX\ d,x' = -^G'^d,Xj. (2.6) 

The metric Qij on the scalar manifold is 

gij = GABdrX'^djX'' , (2.7) 

where diX^ = . Combing these relations with the index structure we find that 

g'^diX'^djX^ = a{G^^ - bX^X^) , (2.8) 

with constant coefficients a = 1 and 6 = | . 

We are interested in solutions preserving some supersymmetry. Following the reference 
[17,18], supersymmetric solutions of five-dimensional supergravity imply the existence of 
a non-spacelike Killing vector field, and assuming that in a region the Killing vector field 
V = d/dt is time-like , the D = 5 metric is given by 

dsl = -f{dt + ujf + r'dslt, (2.9) 

where is a four-dimensional hyper-Kahler manifold, and / and to are a scalar and a 
1-form on A4. The field strengths F^ can be written 

F^ = d [fX^{dt + Lo)] + , (2.10) 
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where @^ are closed 2- forms on the Ai. The scalar function Xj and /, one-forms uj and 
on Ai are given by 

(e^)- = o, AMif-'Xj) = ]:CijKe' ■e'' , {(kj)+ = -^r'Xie' , (2.11) 

b 2 

where Aj\4 , the Laplacian, and the superscripts it , self-dual and antiself-dual , are defined 
with respect to the base Ai, and for 2-forms a and (3 on M. we define a • /3 = a^'^Pmn, 
with indices raised by the matrix h'^"' on Ai. This equations are named as BPS equations. 

2.2 Gibbons-Hawking base spaces and black ring solutions 

Now let us concentrate on the so-called Gibbons-Hawking base spaces. In this paper, as 
the base space Ai, we consider the Gibbons-Hawking metric, which can then be written as 

dsj^ = H-^{dx^ + xf + H5^jdxHx^ , (2.12) 

where H is harmonic on the Euclid space E^, x = Xidx"^, i,j = 1, 2, 3, and H, x £ire 
independent of x^ and can be solved explicitly, x is determined by V x % = VH. In this 
section V will be the gradient and will be the Laplacian on E'^. 
We introduce one- forms rj^ , = drj^ . It is convenient to set 

UJ = uj^{dx^ + X) + CJi , (2.13) 
77^ = r/5^(dx^ + x) + fli, (2.14) 

where 0)4 = uj4idx\ fj^ = rj^-dx^ We can solve the BPS equation and obtain [7]: 

Vxfii = -V{Hr^i) , (2.15) 
V X W4 = HVlo^ - + 3H{f-^Xi)Vr]l, , (2.16) 

f-'Xj = ^H-'CipqK^K"^ + Li, (2.17) 

where r/^ = ^H~^K^ , and Lj, are harmonic functions on E"^. Using the integrability 
condition of equation (2.16), we find the constraint 

y'uj, = V2 ( - ^H-^CjpqK'K^RQ - Ih-'LjK') . (2.18) 
The solution of this equation is read as 

^5 = -^H-^CipqK'K^K'^ - -H-^LiK' + B , (2.19) 
4o 4 

where B is another harmonic function on E'^. The general solution with Gibbons-Hawking 
base is specified by 2n -|- 2 harmonic functions H, , Lj and B on E^. It is well known 
that H determines the Gibbons-Hawking base, such as three examples of Gibbons-Hawking 
metrics: flat space (i? = 1 or = l/|x|), Taub-NUT space {H = 1 + 2M/|x|) and the 
Eguchi-Hanson space {H = 2M/|x| -|- 2M/|x — xo|) [17]. It is convenient to take the base 
space Ai to be flat space E^ with metric 

dsli = H'^idtP + xf + H{dr^ + [d9^ + sin^ Odcj)^] ) , (2.20) 
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where H = l/|x| = 1/r and x = cos6d<j), which satisfies V x ;\; = VH. The range of the 
angular coordinates are O<0<7r,O<0<27r and < -0 < 47r. 

We are interested in the solutions of supersymmetric black ring (multi-black rings). 
In [7] the multi-black rings solutions is given by 

M 
i=l 

1 

Li = + — ^{Qii - CijKq\q^i)hi , 

i=l 

^ M ^ M 

^ = i^^^^^'^-i^^^^^^^l^^l^*' (2.21) 

i=l i=l 

where hi are harmonic functions in E'^ centred at Xj, hi = l/|x — Xj|, and Qn, qj and Xj 
are constants. 



3. First-order flow equations in Gibbons-Hawking spaces 

In this section, we derive the general first-order attractor flow equations for BPS and non- 
BPS solutions in five dimensional Gibbons-Hawking spaces with the metric ( 2.20| ), following 



the method of [11]. To simplify the calculation , we assume that all black rings are sitting 
along the negative z-axis of the three-dimensional space, ie, Xj located along the z-axis , 
then, K^,Lj,B in ( 2.21 )only depend onr, 6. 



Take the five-dimensional configuration as follows: 

dsl = Gmn dx^^ dx^ = -f{r, 9) {dt + wf + f-\r, 9) dsl^ , 
= x\r,9) {dt + w)+r]^ , 
w = W5(r, 9) {dip + cos 9 dcj)) + W4{r, 9) d(j) , 

ry^ = nl{r, 9) {dtp + cos 9 dcj)) + 7?^(r, 9) dcp , (3.1) 



where ds'^^ is the metric ( p. 20 ). Substituting ( |3.1| ) into the action ( |2.1D , we find that the 



bosonic part of the five-dimensional N = 2 supergravity action can be expressed as 



V 



S = Si + S2 + S3 + S4, (3.2) 



with V = 1/2. Our goal is to find the first-order attractor flow equations from this actions. 
We can proceed in the following steps. Step one: The action S is express in terms of squares 
of first-order terms and total derivative terms. Then, step two: Stationarity of action S 
is imposed which implies all the first-order terms vanish. After a tedious calculation, we 
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obtain (we refer to appendix for some of the details) 
Si = \j dtdrded(t)dil) 



sin^(-3r2/-'52/ - 2r''gijdr(t>'dr4P + 2r'' T^GABdrX^ drx' 
+2dr (rV"'5r/)) + (^-Ssiner^d^f -2smegijde(l)'de(t>> 

+2 sin er^GABdex'^dex'' + 2de {smO f-'def) 



(3.3) 



This action is a function of the spacctimc metric / and the moduh (f), including their 
derivatives. It can lead to the Einstein equation and scalar equations of motion. 

82 = ^ J dtdrdOdcpdil: sine 



J. 



-2^GAB{vtV5 + devtderii - 2 esc 9 ritdgv? 
+ csc^ deritdgri^ + 5^r?^5^r?f + csc^ 9 drvfdrr]^) 

+A^Gab (drivi cos 9 + r]f)der]i - de{v5 cos 9 + VA )drvt) 
sm 9 \ J 

This action is a function of the gauge potential 77^, and its derivatives. 



and 



54 



dt dr d9 dcj) di/^ 

— - f (iff + dgW5 — 2 esc 9 W5d0W4 + csc^ 9 d0w\ + drW^ 

+r''cs<?9drwl){f - 2Gabx\'') - ^GAsX^'idevi dew^ 
+ csc^ 9 der]f dew^ — esc derif + rjfw^ + drrj^drWQ 

csc^ 9 dr-qf drWi)^ + -^Cabcx'^X^x'^ (^{w5 sin9 - dgW4)drW5 
+drW4deW5^ - -^CabcX^X^ {prWbderji - r£ sin9drWr, 
-dew^drTii + dew^drf)^ - drW^der]^ - W5 sin9drr]^^ 
-Q^^sf (dr{r,i cos 9 + r]^)derit - de{rji cos 9 + r,f)drr,i) 



dt dr d9 d(f) dtp 



3V 



Cabc 



1 



dr ( x\^V5deiw5 COS 9 + W4)- X^x''(^5' COS 9 + r,^)d0W5 



A^^BtC 



-\de {x\^V5dr{w5 COS 9 + W4)- x\^{r)5 COS 9 + rfi)drW^ 



B„C- 



(3.4) 



(3.5) 



(3.6) 
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^3 contains terms that are proportional to r] and w and derivatives thereof. S4 is composed 
of the total derivative terms, so ,we call 84^ as the boundary term. 52 and 53 determine 
the evolution of the gauge potential and w . We can also find that all four parts of the 
action can split into two parts : one about coordinate r and another about 9. 
The terms in Si can be written as: 

Si = + SP , (3.7) 



S^ 



(a) 



s'; 



- J dtdrd9d4>d^ sin0 [-3rV~^(9r/)^ - 2r^gijdr<j)'dr(l)^ 

-2r-2/2 VaG^'^Vb + 2dr {r^r'drf - 2Va X^) + V^.Kl] , 
^ j dtdr dd d(t> dip [-3 sin Of'^dlf - 2 sin Ogijdecp'de^y' 

+2 CSC 9 f-^GAB (sin 9 dex^ + fG^^Uc) (sin 9 dex"" + fG^'^'UD) 

-2 CSC 9 f UaG^^'Ub + 2de (sin 9r^def - 2Ua x^) + ^x'^dgUA] , (3.8) 



where V = V{r, 9) and U = U{r, 9) are scalar functions. The term proportional to 
VaG^^Vb , with the definition of ( |2.8| ), can be written as 



VaG^^'Vb = -Va X^X^'Vb + g'^ VAdiX^ d.X^'VB , 



(3.9) 



we can also obtain the similar result about the term UaG^^Ub- Then, using these relations, 
we obtain 

r / 

Sf = ^ j dtdrd9d(t>dij sin 6* -Sr'^f (drf^^ - \^aX^ 

-2r^g,, {dr(P' + fg^'VAdiX^) {dr^ + fg^'VBdkX 
+2r^r'GAB {drx^ - fG^'^Vc) {drx"" - fG^'^Vn) 
+2dr {r^f-^f - 2Va x^ - 2/ VaX^) + Ax^drVA + AfX^drVA , (3.10) 

where r = - . 



S\ = ^ I dtdr d9d(t) dip 



-?,csc9 f [s\n9 r^def - ^UaX^ 



-2csc9g,j (sm9decP' - fg''UAdiX^) (sin^^e^^' - fg^'^UBdkX'' 

+2 CSC 9 r^GAB (sin 9 dex^ + fG^'^Uc) (sin 9 dex"" + fG^'^'UD) 
+2de {sm9f-^def - 2Ua x^ - V UaX^) 

+Ax^deUA + AfX^deUA 



(3.11) 



-7- 



When requiring stationarity of Si with respect to variations of the fields, the last two terms 
in (3.10) and ( p.ll ) vanish. Thus, up to a total derivative term, Sf is expressed in terms 
of squares of first-order flow equations which result in 



(3.12) 



In the same result from S\, we can obtain : 



sinO dex^ 
sin 6 do (j) 



-fG^^Uc 



(3.13) 



Eqs. ( |3.12| ) and ( p. 13 ) describe the evolution of the spacetime metric and the moduli fields 
in the background of five dimensional Gibbons-Hawking base space, which are analogous 
to the flow equations for supersymmetric black holes in asymptotically flat spacetime in 
five dimensions derived in [11,12]. It is worth pointing out that these first-order equations 
were derived without using super symmetry, therefore, attractor flow equations ( |3.12| ) and 



( 3.13 ) can including the supersymmetric and non-supersymmetric case. In next section, 
we will rewrite above two set of equations into one compact form. 
Also, we rewrite 5*2 as a sum of squares, as follows. 



5*2 = — y dt dr dO d(f) dip r ^fsinOGAB 

(r drT]^ - s{r]^ - CSC 9 der]f){r - s [r]^ - esc 6 de-qf) 
+{dgri^ — sr CSC 9 drr]f){dgr]^ — sr esc 9 dri]^) 



(3.14) 



thus, we obtain one additional first-order equations about rj^ following the stationarity of 
^2: 



r drT]^ = s{t]^ - CSC 9 derjf) , 
dei]t = sr CSC 9 drr]f . 



(3.15a) 
(3.15b) 



Also, we rewrite the Eqs.(^]T5) in compact form: 

V X r}i = -ViH4) 



(3.16) 



with H = r ^. We reproduces the Eqs. ( 2. 15 ) precisely. 

Next, we rewrite S3 as a sum of squares, as follows. Using the definition in [11] 



X 



-sfX' 



(3.17) 
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with s = 1, Then, we obtain for 5*3, 

83 = - f dtdrded(t)dipr-^f sine 

r drW5 + s{w5 — cscOdgw^) + 3 s rf^^Xji^drri^) [r drW^ 

+s(w5 — csc6 deW4,) + 3 f^^XA{r]^ — csc6dgr]f) 
+{d0W5 + sr CSC 9 dj-W/^ + 3s f^^XAdgri^){dgW5 + sr esc 9 drW^ 
+3rcsc9f-^XAdrvt)\ ■ (3.18) 

Then, another additional first-order flow equations following from the stationarity of 6*3 
are 

r drW5 + s{w5 — esc 9 dgWi) = —3 s rf^^X^drr]^ , (3.19a) 
rdrW5 + s{w5 — csc9deW4) = —3f~^XA{r]^ — esc 9dgr]f) , (3.19b) 
dgW5 + sr esc 9 drW^ = —3 s f~^XAdgr]^ , (3.19c) 
dgW5 + s r CSC 9 drW4 = — 3r CSC 9 f^^XAdrtjf . (3.19d) 

Considering Eqs. ( p.l5| ), we can obtain : 

V X Li4 = HVuJ5 - io^VH + 3H{f-^XA)Vvi , (3-20) 

with H = r^^. It is obvious to see that the gauge fields and one-form uj are subject to 
the constraint of equations ( |3.16| ) and ( |3.20D . 

So far we have discussed the bosonic part of the supergravity action in five dimensional 
Gibbons-Hawking base. Assuming the stationary of action, we obtain the general first-order 
flow equations ( p.l2| ) and ( p. 131 ) , which describe the evolution of the metric and the moduli 
fields in the background of general five dimensional solution. Meanwhile, the constraint 
(|3l6|) and ( g3o|) can be obtain. Since the present discussion is that it does not rely on 



supersymmetry, the above conclusion can include both BPS and non-BPS solutions. 

4. Some properties of attractor flow equations for supersymmetric black 
rings 



In order to solve the flow equations ( 3.12| ) and ( 3.13| ), we need rewrite two equations into 



one compact form. First, we introduce a anszta : 

r'xj = , (4.1) 

where C/ = Cii^^^)- We take the gradient of this equation with respect to the base space 
and obtain : 

r^VXi + XiVf-^ = VCi ■ (4.2) 

Using the relation XjX^ = 1, we also have: X^VXj = VX^Xj = 0, and consequently, we 
write Eqs. ([4.2[) as: 

= X'VO . (4.3) 
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Comparing Eqs.(|4|) with Eqs. and (|3l3|) , we obtain 

Vi = -\r^drCi, Ui = -^ sin 9 de Q ■ (4.4) 
So, we combine Eqs. (|1|) and ( ^l3|) into 

V/-1 = X^VC/ , (4.5a) 

Vx-^ = IfC'^'VCi , (4.5b) 

V<A^ = -^//VC/5^X^ (4.5c) 

These equations which are called the first-order attractor flow equations are one of main 
results in this paper. The flow equations describe the evolution of the spacetime metric 
and the moduli. Remarkably, we can observe that equations (|4.5| ) take the form analogous 
to that of a gradient flow of black holes in five dimensions derived in [11, 12] . 

So far we obtain the first-order flow equations in addition the constraint Eqs. ( 3.16| ) and 
(3.20) for the general solutions following the stationarity of actions S. We note that in the 
above consideration we have not considered the supersymmetric properties of the solutions, 
therefore the solution would be BPS or non-BPS. When including the supersymmetry, we 
get f-^Xj = Ci = ^H-^CipqKPR^^ + Li by solving the BPS equations ( pTl] ). So, the 
flow equations ( |4.5D are solved 

= {^H-^CipqK^K^ + Li)X' , (4.6a) 
X^ = -sfX^, (4.6b) 
r'Xj = ^H-'CipqK^K"^ + Li , (4.6c) 

where = r, and L/, are harmonic functions on and are given by Eqs.( |2.2l| ). 
The same solutions of supersymmetric (multi)black rings have been obtain in [7,14,15]. 

We would like to emphasize that when considering the supersymmetric configuration 
(2.11), the flow equations ( |4.5| ) have the following properties : 

(i) Integrating Eq.( [4.5a[) on base space E^, we can introduce a term Zf,{V) as 

where dV is a closed hypersurface in base space E'^. Using the outward pointing unit 
normal vector n , we get 

^<=(^) = A / dSf-^n^d^f , 
4vr^ Jqv 

= lh I dSf-^X'n'^Emi , (4.8) 

where 

Emi^GijF^^, F^^ = f-'dm{fX'). (4.9) 
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It is obvious to show that the definition ([4.7| ) agrees precisely with the electronic cen- 
tral charge in [10]^. We can consider that is the electric charge corresponding to the 
graviphoton. 

(ii) There is another form of the attr actor formula that is cast entirely in terms of the 
moduli space. To derive it, we multiply the term diX^ on both sides of ( |4.5c ), we can write 
the result as 

VX^ = --//VCj5iX-^a.X^ (4.10) 



Using the relation (2.6), we get 

VX^ = -'^-jG'^VUBjX'^ , (4.11) 

where the covariant derivative is defined as Di = dj — ^Xj. 

(iii) In condition of super symmetric solutions, we take the divergence of Eq. (145^ ) 
and obtain: 

V • = V • {X'VCi) 

= vx^ ■ vci + • VC/ 



Ir^GijVx' • vx-^ + IcijKX'e^ ■ , (4.12) 

6 



where we used ( p.6[ ) and second BPS equations (2.11) to arrive at the third line. We can 
rewrite ( [4.12 ) as 

V™(/-ix^^„,) = f-^GijVX' ■ VX^ - ^CijkX'Q-^ ■ , (4.13) 



where Emi take the definition (|4.9| ). This equation agrees precisely with flow equations 
obtain by Kraus and Larsen in [10]. 

In the rest of this section we give a special case as an example. We take the compact- 
ification manifold to be T^, In this case Cjjk = 1 if (UK) is a permutation of (123), and 
CijK = otherwise. The metric Gij is 

Gjj = idiag((Xi)-2, (x2)-2, (x3)-2) . (4.14) 

When M=l and xi = in (pl2ll ), i.e. all of the har monic functions in E are centred at the 
origm. With the metric ( ^^Oj ) , we find = Hj ^ = A/ + Qi/r, and the gauge potential 

= H7\dt + io), uJ5 = -^, UJ4 = 0, (4.15) 

zr 

where J = ^{qiQi + (J'2<32 + Q^Qs — <li<l2<l3)- This is the BMPV black hole with three 
independent charges Qi and angular momenta = = J [20]. Inserting ( 4.15| ) into the 
flow equations (4^), we can obtain 

drf-^ = Ze , (4.16a) 

dr<t^' = -\fg''diZ, , (4.16b) 



^Note that we choose the three-dimensional submanifold of four-dimensional hyper-Kahler manifold M 
in this section, which is the only difference comparing with the choice in [10]. 
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with Zg = X^Qj. We can use an equivalent way to find the attractor point of these 
equations, which is that one can find the fixed values of the moduli by extremizing the 
central charge Ze- Extremizing the central charge with respect to the fixed moduli means 
that we impose diZg = 0. We shall assume that the charges Qi are chosen such that at 
the attractor point, Z^, = Z* ^ 0. Thus, equation (4.16a) may be easily integrated near 
the horizon, 

~ Kir . (4.17) 
The Bekenstein-Hawking entropy is one quarter of the horizon area, 

Sbh = 27r lim ^(r/-i)3 _ J2 = 2TTy^{Z*)3 - J2 . (4.18) 

r— »0 

We reproduce the BMPV black hole entropy in five dimensions which have been obtained 
in [20]. 



5. Conclusion 

In this paper, by the use of the stationarity of actions , we have obtained the first-order at- 
tractor flow equations for the general solutions of motion equations for N = 2 supergravity 
in five dimensional Gibbons-Hawking space. Meanwhile, we also get the constraint ( 3.1(^ ) 



and ( 3.2C| ) which determine the gauge field and one- form lu. Furthermore, when con- 



sidering the supersymmetry we obtain the first-order flow equations for supersymmetric 
(multi)black rings. It is also showed that the supersymmetric solution with Gibbons- 
Hawking base is specified by 2n + 2 harmonic functions H, , Lj and B on the flat space 
E^. Using the very special geometry. We analyze the equation ( f4.5a ) in first-order flow 



equations and flnd that the integrate of r.h.s. of ( 4.5a| ) agrees precisely with the electronic 



central charge Zg in [10]. Moreover, taking the divergence of (4.5c), we can reproduce 
the second-order flow equation which have been obtained by Kraus and Larsen in [10]. A 
particular case, BMPV black hole which is the limits of the supersymmetric black ring 
solution, is presented in the last. 
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A. Evaluating the action in five dimensions 

The square root of the determinant of the metric (^T]),(p?20|) is 



^=^. (A.1) 
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The inverse metric reads 



G 



MN 








UI5 I U14 COS 6 




rf 
//r 





fWA 1 




/ 1 



_ / cos 
r sin^ e 








r sin^ e 
1 _|_ 1 cos^ ( 
r ' r sin^ ( 



(A.2) 



and the Ricci scalar is 



R 



2r2/ 



f^{w\ + SgU's — 2 CSC 9 W^dgW/i + csc^ dgw\ 
+ a^iof + csc^ - ^r{djf + r^^^ 

+ 2r/(cot 6 dgf + aee/ + 2rdrf + r^^,,/) 



(A.3) 



Inserting the ansatz 



(A.4) 



into the gauge kinetic term in yields 



-G GabFmn^ 



BMN 



sm ( 



2r/' 



■Gab 



2/' [r^tvi + deritdevi - 2 esc r,ider,f 

+ csc^ derifdevf + drvidrvi + csc^ drvfdrrjf 
+ 2x^{deri^ dew^ — esc ^//^ 96iii'4 + csc^ ^e??!^ deW4^ 

- CSC 6'i(;5 Sgr/f + Vj^w^ + 9^??^ drW^ 

+ csc^ 6* drr]fdrWA) + x'^X^iwl + ^gu;! 

— 2 CSC w^dgw^ + csc^ c^ew^l + <9r^^5 + csc^ 9 drwl) 



(A.5) 
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The Chern-Simons term in ( |2.lD evaluates to 

X^X^x'^i iw5 sin 6* - dew^jdrW^ + drW^dewr- 



t^Cabc a a = ^Cabc 



C 



+dgW4drri^ — drW^dgrj^ — sin 9drr]^ 
+3x^{dr{r]i cos 9 + VA)deV5 " cos 6 + vf)dr4 

+^dr {x^x^V5de{w5 cos 9 + W4)- x\^(.V5 cos 9 
+Vi)deW5 + 2x^(r?f a^r/f - 7?f r?^ sin0 - 9^??^ r?f 



1 



^ 9e (^X X C dr {W5 COS9 + W4)- X X COS 9 
xdt A dr A d9 A d(j) A dip . 



When defining 



the terms in (A.6) 



X 



Cabc 



+3x'' [dr{v5 COS 9 + rif)deV5 " d0{V5 cos 9 + vf)drri^ 



{2Gab sf - 9^^sf) (drivi cos e + vf)devi - deivi cos 9 + rjf)drrji 



(A.6) 
(A.7) 

(A.8) 
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